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Introduction

The penetration of lew frequency electromagnetic waves into

conducting media such as the sea or the ground has received considerable

attention for undersea and geodetic explorations as well as for

comunications. For such applications the field distribution within

the medium as well as the distribution on the surface of separatien

with air are of interest. In the following the conducting medium is

considered as uniform, unbounded in the horizontal direction, and bounded

by a horizontal surface of given surface impedance at a depth d. The

electromagnetic fields of interest have very low frequencies; examples

are the fields at 10 kc to 20 kc used for navigational purposes, the

(1)
fields produced by lightning or those obtained by man-made discharges

At sufficient distance from the source these fields propagate as plane

waves, guided by the plane surface of separation between air and

conducting medium. More rigorously the propagation is determined also

by the ionosphere, but in the followinR study the effect of the latter

will be neglected.

In a previous paper (2) the author has analyzed the equi-

valent penetration depth of a pulsed d-c magnetic field wave into the

conducting medium. A more complete analysis, including consideration

of pulsed a-c magnetic field waves as well as of pulsed d-c or a-c

electric field waves is given in the following. Part of this analysis

was developed in a previous unpublished report (3) in which the

application to the design of a system for submarine detection was

! L rQ~- i' i'.a _;;stom is dezcribed in detail in another paper of

the Seminar (Q.
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1 - Distribution of Stea& State Sinusoidal Fields

With reference to a rectangular system of coordinates with

the z 0 plane at the surface of separation between air and conducting

:J''ii4n (FiUrc l~, a piane wave with components EE and H is

'onsidered. If O, u , 4and 6- , are respectively conductivity,

permeability and permittivity of the dielectric and of the conducting

r~ dia, and if it is assumed that the media are unbounded except at

tre z r 0 plane, the field distribution of a low frequency plane wave

,ropagatin- in the x direction is expressed as follows ,6)

0 air

~ ~ e0 (1)

? ~ 0 conducting medium

(2)

.... ~ 14 J ''

- ]0-
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The Z9 component varies discontimouhly from z < 0 to z > 0

decreasing in the ratio 1 1 WE/e-o Furthermore, at z O) Z0 is much

smaller than Z P and leads it by 7T /4 radians; on the other hand at

z > 0 3 is much larger than E and lags it by T/4 radians. Without

loss of generality the investigation may be confined to the case of a

plane wave of components Kx, Hy normally incident on the z = 0 surface.

The field distribution in the conducting medium is described by the wave

equation

where the last term, representing the displacement current, may be

neglected in general.

Considering a plane wave of type

and assuming that the conducting medium is bounded by a horizontal

plane of surface impedance Z at depth d, it is found that the ratio

of the Fourier transforms Z x (z, w) and H (s, w) at z = 0 is expressed

as follows

S) cos k STI ~I (
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where Z° - 1 is the wave impedance of the conducting medium.

In particular, if Z . 0, i.e. if the boundary is a perfect conductor,

the above ratio reduces to the expression

fro ~ ~2d 0 2/

=O 7"A

w~e~ ~is the so-called penetration depth. The

n:.tude rd rhaise angle of the latter expression are plotted in

Fl'- .e 2 as functions of the ratio d/ ' xamination of Figure 2 shows

tthat the significant range of variation of these quantities is approxi-

ma"t 'y 0. ~S In a practical application, assuming that the

'. ndary conditions applies,the measurement of the magnitude and/or

phase of (7) provides a means for the determination of the depth d

at which the discontinuity is located. More generally, if the boundary

has non zero surface impedance Z., the measurement may be used either to

d-temlrne d, if Z is known, or Zs if d is known.

it Is of interest to note that, since H tw) is related

t [ F y. L) In air by the second of eq.s(l), the previous consider-
&.-Jo~rs are readily extended to the ratio 9 LOWaIE,/(OL9) where

E LO, is measured in air at the Z 0 surface. With

referer,.e to eq. (7) one has

CON$TT hr) TT A r,



Generally the measurement of E is obtained by means of a dipole antenna,

while that of H is obtained by means of a loop antenna.

A transmission line analogy of the previous analysis is

iea,4 et up, representing equation (6) as the input impedance of
w! b t L - N and shunt parameters. e w t-ries Parameters R - , / _it

H z N, ' N where N is an irbitrary factor. Alternatively

s ,"=:, b represented as the Thp it admittance of a line with

. '. " =s 7 R f N, L -- /and shunt parameters C-=?,/Y ,

t. (?i':'.- '. The use of these ransrission lines permits the

.tillzatilrn cf mothods cf measurement by substitution or by comparison,

theroby en 2ranTing the sensitivity of tbi techniqueo For example, one

a, v' :; ,, impedan-e Z anti the distance d of the analog line

u:ntil i;t irput, impedance becomes equal to that measured at the air-

g r.v:9. ,i-sta Interf-ace. 5imilarly, otner methods of measurement

nlay reay Ly t.e derived.

I- Disti-I'ution of Transient Fields

T:. .,analysis of the distribution )f transient fields may be

c rc'rm, . "i' : a similar formalism, using Laplace transforms of the E

0 H v f e;-'. Assuminf, that the sa!d fields are zero at t <O, the

v~ ve tii I 7 is written as f o"Dows

( 0+[, = (0

E ; .nI 1! (z, ) are the .Ltpa tr'ansforms of 9 (z,t) and

, .'.' ,7t,':,Veiy. ' . ,-, :- tion of the wave equation

- K-rear ')nbinit, n t two exponentials; if the

C( FIVENTT A T)
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presence of the boundary plane at depth d with surface impedance Z

is postulated, the surface impedance at s z-O is written as follows

) ~ ~h~d(10)
--_O~s C(lO) 4~ss~ 4

In particular, if Z 0, the latter expression is written more simply

as follows

/, *7 -,

Eq. (10) represents a boundary condition of the problem, relating the

laplace transforms of E and H at zi= 0. In particular if Z W 0, it

rtr!uces the eq. (ii) and if d =O , it reduces to the familiar

_____ (12)

The latter case is generally more easily handled with the available

Lapiace transform tables. For example, in Table I the field distri-

huticons for the cases of a step d-c electric field, a step d-c magnetic

field, a step a-c electric field and a step d-c magnetic field are

riven in complex form as well as in the time domain. Step electric

fields may be generated at the z = 0 surface using a source of very low

.rtnrnal impedance, while step magnetic fields may be generated using

s. ir 's of very high internal impedance. For example, fields generated

CON4PRI CITTT AT
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Table I - Field Distributions at Depth * for dl a

kpplied Field Field at Depth

xf1 ('D ' j' = e S

2. ~

E*~1 ext

ASS

RIM, - 4,
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by sources within the atmosphere may be considered as step magnetic

fields because the wave impedance of air is much larger that that of

ground or sea. On the other hand step electric fields may be applied

It 7 - C by Penerating A step potential difference across two parallel

electrodes located at the z 0 surface; similarly, step magnetic

fields may be applied at z 0 by generating a step current in a loop

with axis on the z = 0 surface.

Plots of the field distributions for the cases of step d-c

electric fields and step d-c magnetic fields are given in normalized

form in Figures h& and 5 using as independent variable t* 44 .

For a given value of z, except z 0 , the abscissas are proportional

to the real time. For completion, the plots of Figures 4 and 5

include also the distributions of pulses of normalized duration T 4PO

i.e. of real duration Te ,' 2 where z is a given value. It is of

interest to note that, when a rectangular pulse d-c electric field is

applied, the corresponding electric field is an alternating pulse. The

zero cross-over point of the latter pulse is a function of the distance

%z Rd of the duration T . Indicating with T' the time of zero cross-o

over, one finds the following relationship

(13)

7F

'The latter rsuit could be of interest for application to technijues of

ranrine or of communications between two points within the dissipative

me diiian. In fact, If a plane wave consistlng of a rectangular pulse d-c

mAvnetic fMod is Penerated at one point and is received at the other at

-8"
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distance L, the measurement of T' provides information about L if T0

is knem, or about TO if L is known. In addition radar like teohniques

of ranging may be applied. A numerical example with medium corresponding

to average sea water (/f 1  4 V/ and with Howl A/r, L =100 ms,

To - 25 msec has been computed and is plotted in Figure 6. It is seen

that T'= h0.5 mseo and that the peak values of the E and H pulses are

respectively 1.2 mV/n and 0.33 A/m at. such distance.

Plots of the field distributions for the cases of step a-c

! lectric fields and step a-c magnetic fields cannot be given in

normalized form, because the fields are represented by means of integral

expressions, which cannot be computed in terms of known tabulated

functions. For this reason a numerical example has been comnuted,

assuming that z/j 2 .1 The distributions of the

electric field component E versus Wt at Z = IT l& are shown in

Fiares 7 and 8 respectively for the case of an abruptly applied sine

wave and of an abruptly applied sine wave14( t

More generally, by application of the boundary condition (10)

(or in particular (11)), it is possible to evaluate the distribution of

transient fields at the z = 0 surface as determined by the presence of

a boundary of surface impedance Z. at depth z. However, the analysis

in general is very cumbersome and does not lead to sufficiently simple

expressions. If the transmission line analogy previously described is

utilized, the distributions may be obtained in analog form, and may be

applied directly for practical methods of measurement based on sub-

stitutlon or on comparison procedures, similar to those described for

the case of steady state fields.

-0- -IN TI AL
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III- Conelusies

In p pusw&tv analysis the distributions of steady state

and of transient electrmagnetic plane waves at the surface of separation

between air and ground (or sea) have been computed. These distributions

are important for such applications as undcasca and ge6detic explorations

from poi.nts located outside the conducting: reia; the methods of measure-

ment may be simplified by use of a transmission line analogy, which

permits the use of comparison or of substitution methods.

In addition, it .. n shown thtt ,if a rectangular pulse

d-c magnetic plane wave is transmitted from a point within the conducting

medium and received at another point of the same, the system may be used

for purposes of ranging or for purposes of cemmunication between trans-

mitting and receiving stations.
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